Holographic Fidelity Susceptibility by Alishahiha, Mohsen & Astaneh, Amin Faraji
ar
X
iv
:1
70
5.
01
83
4v
1 
 [h
ep
-th
]  
4 M
ay
 20
17
Holographic Fidelity Susceptibility
Mohsen Alishahihaa and Amin Faraji Astanehb
aSchool of Physics, bSchool of Particles and Accelerators,
Institute for Research in Fundamental Sciences (IPM)
P.O. Box 19395-5531, Tehran, Iran
email: alishah@ipm.ir, faraji@ipm.ir
For a field theory with a gravitational dual, we study holographic fidelity susceptibility for two
states related by a deformation of a relevant operator. To do so, we study back reaction of a
massive scalar field on the asymptotic behavior of the metric in an Einstein gravity coupled to a
massive scalar field. Identifying the two states, holographically, with the original and back reacted
geometries, the corresponding holographic fidelity susceptibility is given by the difference of the
volume of an extremal time slice evaluated on the original and back reacted geometries.
I. INTRODUCTION
Recent progress on black hole physics has opened up
a possibility to make a connection between quantum in-
formation theory and back hole physics (see [1] and its
citations). Most of our understanding on this subject
is due to the gauge/gravity duality. In particular holo-
graphic entanglement entropy [2] may be thought of as an
example which has made this connection more concrete.
Computational complexity is another example[3].
More recently, motivated by complexity/volume dual-
ity it was proposed that the volume of a co-dimension one
time slice may be related to the fidelity appearing in the
literature of quantum information theory[4]. Fidelity is
a quantity that measures similarity or distance between
two states[5]. When both states under consideration are
pure it is given by the inner product of two states. To
be more precise, let us start with a quantum pure state
|Ψ(λ)〉 in the Hilbert of a quantum system with λ being
a tunable parameter of the model. Then for two pure
states parametrized by λ1 and λ2 the fidelity is
F = |〈Ψ(λ2)|Ψ(λ1)〉|, (1)
which for small δλ = λ2−λ1 it can be expanded as follows
F = 1−Gλ(δλ)2 +O(δλ3), (2)
where Gλ is fidelity susceptibility (see [6] for a review).
If one perturbes the first state by an operator with di-
mension ∆, up to a constant of order of one factor, the
corresponding fidelity susceptibility will be scaled as (see
e.g. [4])
G∆ ∼ L
2∆−d−2
ǫ2∆−d−2
, (3)
where ǫ is a UV cut off and L is a length scale of the
model.
It is proposed that when the system is deformed by
an exact marginal operator, ∆ = d + 1, the holographic
dual of the fidelity susceptibility is given by the volume
of a certain co-dimension one hypersurface in an AdS
geometry (see [7] for reduced fidelity).
The aim of this letter is to make this correspondence
more precise and in particular to extend it for a case
where the system is deformed by a relevant operator.
Holographically, we will do that by studying the back
reaction of a massive scalar field on the metric in an Ein-
stein gravity coupled to a massive scaler field. We should
admit that most of the materials we need have been al-
ready presented rather extensively in the literature as we
shall review in section two. The main contribution of the
present letter is to come up with a new application of the
results given in section three.
II. REVIEW OF BACKGROUND GEOMETRY
In this section we shall present the asymptotic behav-
iors of the metric and a scalar field for a gravitational
theory whose action is given by
I=− 1
16πGN
∫
dd+2x
√
−G
(
R− 1
2
(∂Φ)2 − V (Φ)
)
,
(4)
where V (Φ) = − d(d+1)L2 + 12m2Φ2 and L is a length scale
of the model. An asymptotic AdS solution of the model
taking into account the back reaction of the scalar field
may be given by [8]
ds2=GµνdX
µdXν =
L2
4ρ2
dρ2 +
1
ρ
gij(x
i, ρ)dxidxj ,
Φ(x, ρ) = ρα/2(φ0(x
i) + ρ φ1(x
i) + · · · ) . (5)
with i, j = 0, 1 · · · , d and
gij(x
i, ρ)=g
(0)
ij (x
i) + ρ g
(1)
ij (x
i) + · · ·
+ρα
(
g
(α)
ij (x
i) + ρ g
(α+1)
ij (x
i) + · · ·
)
. (6)
Here α = (d+ 1)/2 −
√
(d+ 1)2/4 +m2L2 is related to
the dimension of an operator which is dual to the scalar
field; ∆ = d+1−α. We shall consider relevant operator;
0 ≤ α < (d+1)/2. Note that the case of α = (d+1)/2 is
excluded due to that fact that in this case gαij cannot be
fixed by perturbative expansion around ρ = 0. Solving
the corresponding equations of motion order by order in
2power of ρ near the boundary (ρ → 0) one may find all
needed functions appearing in the above expressions in
terms of the sources g
(0)
ij (x
i) and φ0(x
i) (for d > 1) [9]
g
(1)
ij = −
L2
d− 1
(
R
(0)
ij −
1
2d
R(0)g
(0)
ij
)
, g
(α)
ij = −
φ20
4d
g
(0)
ij ,
g
(α+1)
ij = c1φ
2
0R
(0)
ij + c2φ
2
0R
(0)g
(0)
ij + c3∂iφ0∂jφ0
+ c4∇i∂jφ20 + c5g(0)ij φ20 + c6g(0)ij (∂φ0)2 ,
(7)
where
c1 = −αb(α+ 2) + 2(α+ 1)a
(d− 1)(α+ 1) c2 = −
1
2d
(c1 + 2αc5) ,
c3 = −2α+ 3
α+ 1
b− 2(2α+ 1)
α
a c4 =
b
2
+ a , (8)
c5 = − 2αd
(α+ 1)(d− 2α− 1) , c6 =
4(α− 1)d
(α+ 1)(d− 2α− 1) .
with a = α c6L
2− c5(d− 4α− 1)L2 and b = −L24d . More-
over one finds [9]
φ1 =
L2
2(d− 2α− 1)
(
φ0 − 1
2d
R(0)φ0
)
. (9)
Here for simplicity we have dropped the explicit depen-
dence of functions on xi. Note also that the term corre-
sponding to c6 was missed in [9], see however[10]. To the
best of our knowledge no body has explicitly computed
c5 and c6, previously.
III. CHANGE OF VOLUME AND FIDELITY
In this section we would like to study the leading diver-
gent term of the volume of an extremal co-dimension one
hypersurface in the back reacted geometry presented in
the previous section. To proceed, consider a time slice on
the boundary whose extension to the bulk is the desired
extremal hypersurface. The profile of the correspond-
ing hypersurface in the bulk is given by Xµ(Y A) with
Y A = (ya, σ), and a = 1, · · · , d are coordinates of it.
The induced metric on the hypersurface is
hAB[Y
A] = ∂AX
µ∂BX
νGµν [X ]. (10)
Following [4, 7] one is interested in the volume of the
corresponding hypersurface (see also [11])
C = 1
8πGNL
∫
dd+1Y
√
dethAB. (11)
Extremizing the volume one arrives at
∂A∂AX
µ + Γµαβ∂
AXα∂AX
β − hABγCAB∂CXµ = 0, (12)
that is indeed the trace of the Gauss-Weingarten equa-
tion. It might be thought of as equations of motion for
Xµ. Here Γµαβ and γ
C
AB are connections constructed from
metrics Gµν and hAB, respectively.
It is useful to take a gauge in which σ = ρ and haρ = 0.
In this gauge one may consider the following expansion
for the profile of the extremal surface [12]
X i(ρ, ya) = X(0)i(ya) + ρX(1)i(ya) + · · · . (13)
From the equation (12) one has
X(1)i =
L2K
2d
ni , (14)
where K is the trace of the extrinsic curvature of the
time slice. By making use of equations (10) and (14) it is
straightforward to find the asymptotic expansion of the
induced metric as follows
hρρ =
L2
4ρ2
(1 + ρh(1)ρρ + ρ
α+1h(α+1)ρρ ) + · · · , (15)
hab =
1
ρ
[
h
(0)
ab + ρh
(1)
ab + ρ
α(h
(α)
ab + ρh
(α+1)
ab )
]
+ · · · ,
where h
(α)
ab = g
(α)
ab and
h(1)ρρ = −
L2K2
d2
, h
(1)
ab = g
(1)
ab +
L2K
d
Kab (16)
h(α+1)ρρ =
L2K2φ20
4d3
, h
(α+1)
ab = g
(α+1)
ab −
L2φ20K
4d2
Kab.
Here g
(n)
ab = e
i
ae
j
bg
(n)
ij is the projection of the boundary
metric into the time slice and eia = ∂aX
j. Note that all
functions are functions of ya’s. Note also that h
(1)
ρρ and
h
(1)
ab have been already computed in [11].
Using the asymptotic expression for the induced metric
(15) one finds
δC = 1
8πGN
∫
ddy dρ
√
h(0)
4ρ
d+2
2
−α
[
Tr h
(α)
ab (17)
+ρ
(
h(α+1)ρρ +Tr h
(α+1)
ab +Tr (h
(1)h(α))ab
+
1
2
Tr h
(1)
ab Trh
(α)
ab +
1
2
h(1)ρρ Trh
(α)
ab
)]
+ · · · .
Thus, setting a regulator surface at ρ = ǫ2/L2, at the
leading order the change of the volume due a relevant
operator with dimension ∆ is
δC∆=− 1
64(2∆− d− 2)GN
L2∆−d−2
ǫ2∆−d−2
∫
ddy
√
h(0)
[
φ20
+
ǫ2
L2
(
Tr g
(α+1)
ab −
φ20
8d
(d+ 2)Tr g
(1)
ab
−L
2K2φ20
8d3
(d2 + 3d− 2)
)
+ · · ·
]
. (18)
For flat time slice and constant φ0 the above expression
reads
δC∆ = − φ
2
0Vd
64(2∆− d− 2)GN
L2∆−d−2
ǫ2∆−d−2
(19)
3where Vd is the volume of time slice on the boundary.
This should be compared with equation (3).
It is worth noting that for a deformation by an operator
with dimension ∆ = d2+1 one gets logarithmic divergence
as follows
δC∆ = −
∫
ddy
√
h(0)φ20
64dGN
log
L
ǫ
. (20)
To conclude one may propose that the change of vol-
ume of the extremal co-dimension one hypersurface due
to the effect of a relevant operator could provide a holo-
graphic description for fidelity susceptibility in the dual
field theory. It should be noted that the logarithmic be-
havior for fidelity susceptibility has been also found in
the literature [6].
To further justify this proposal it is constructive to ex-
tend our discussions for the case where the model has
a non-trivial dynamical scaling. Indeed fidelity suscepti-
bility for a deformation caused by an operator with di-
mension ∆ in a field theory with a dynamical exponent
scales as G∆ ∼ ǫ−2∆+d+2z, where z is the dynamical
exponent[6]. It is our aim to get this expression using
a holographic model. To proceed, we note that holo-
graphic description of field theories with non-trivial ex-
ponent may be provided by Lifshitz geometries[13].
dS2 = −dt
2
r2z
+
dr2
r2
+
∑d
i=1 dx
2
i
r2
. (21)
To study holographic fidelity for a deformation caused
by a relevant operator in this mode, one may consider a
massive scalar field in the above geometry. Using the cor-
responding equations of motion one finds the asymptotic
behavior of the scalar field as follows
Φ(x, r) = rξ(φ0 + r
2φ1 + · · · ), (22)
where ξ = (d+ z)/2−
√
(d+ z)2/4 +m2 and the dimen-
sion of the corresponding dual operator is ∆ = d+ z− ξ.
To find the change of the volume one needs to study back
reactions of this scalar field on the metric. To do so, es-
sentially we should go through the procedure we have
presented in the previous section for an asymptotic AdS
solution. Let us just present the arguments and the re-
sults and postpone the details to an extend version of this
paper. Actually from the asymptotic form of the scalar
field one finds that the corresponding corrections of the
back reacted metric start at the order of δgij ∼ r2ξg(ξ)ij .
Therefore the leading correction to the induced metric
of the extremal hypersurface is δhab ∼ r2ξh(ξ)ab . It is
then straightforward to find the leading correction to the
change of the volume of the extremal hypersurface asso-
ciated to the time slice t=constant as follows
δC∆∼
∫
ǫ
drddy
√
h(0)
rd+1
r2ξTr h
(ξ)
ab ∼
∫
ddy
√
h(0)φ20
ǫ2∆−d−2z
, (23)
in agreement with the field theory result [6]. In particular
for a marginal operator, ∆ = d+ z, one gets ǫ−d that is
independent of z, as expected.
IV. DISCUSSIONS
In this paper we have studied holographic fidelity sus-
ceptibility associated with a relevant operator with di-
mension ∆ satisfying (d+1)/2 < ∆ ≤ d+1. Holographi-
cally the corresponding fidelity susceptibility is computed
by the change of the volume of an extremal co-dimension
one time slice due to the change of the background ge-
ometry.
Actually the proposal makes a rough connection be-
tween holographic boundary state and the volume of an
extremal time slice in the bulk (holographic complexity)
as |ψ(λ)〉 = e−Cλ (〈ψ(λ)| = eCλ). Thus one has
〈ψ(λ2)|ψ(λ1)〉 = eδC∆ ∼ 1 + δC∆. (24)
Here we have assumed that two states are related by a
relevant operator with dimension ∆. Note also that, as
we have seen, δC∆ < 0.
It is worth mentioning that although our holographic
approach applies for relevant operators with the range of
dimensions given above, for (d + 1)/2 < ∆ < (d + 2)/2
the resultant fidelity susceptibility is not UV divergent.
For particular value of ∆ = (d+2)/2 the most divergent
term is a logarithmic, in agreement with the field theory
result[6].
We have found that the main contribution to the
most divergent term is given by ραTr g
(α)
ab term with
0 ≤ α ≤ d/2. The lower bound corresponds to the
marginal operator and the upper bound to that of loga-
rithmic divergent. Note that in this range our procedure
also works for d = 1 case.
More generally for a d+1 dimensional field theory with
a dynamical exponent z we have found that holographic
fidelity susceptibility is scaled as follows
G∆ ∼
{
(Lǫ )
2∆−d−2z 2∆− 2z 6= d,
log Lǫ 2∆− 2z = d.
(25)
In this letter our main focus was on the most divergent
term in the holographic fidelity susceptibility associated
with a relevant operator. In general at subleading or-
der one may also get logarithmic divergent term. In
fact the logarithmic divergent term appears when d is
even. Moreover, it may also contain a finite term that
our asymptotic study cannot capture it. Indeed to find
the full expression one requires to have the full back re-
acted geometry.
So far we have considered cases where two states are
related by a deformation caused by a relevant operator.
One may also consider a case where the deformation is
given by the change of the temperature. In this case it
is known that the corresponding fidelity susceptibility is
indeed the heat capacity. It is then illustrative to study
this case in our framework (see also [14, 15]).
Holographically, a thermal state may be associated to
a black hole solution. Therefore to find the corresponding
4fidelity susceptibility one needs to compute the change of
the volume of the corresponding extremal co-dimension
one time slice when we change an AdS geometry to an
AdS black hole. Doing so one finds [4]
δC = bdVdL
dd
4GρdH
, (26)
where ρH is the radius of horizon and bd is a numerical
factor (see Eq 25 of [4]). On the other hand computing
the heat capacity of the corresponding black hole one gets
(see e.g. [16])
Cv =
VdL
dd
4GρdH
, (27)
that is equal to the holographic fidelity susceptibility up
to an order of one numerical factor bd. It is, however,
important to note that for d = 1, one has b1 = 0 which is
not compatible with the above picture. Of course this can
be understood since a BTZ black hole is locally AdS and
therefore the change of volume is zero. Indeed AdS and
BTZ black hole can be distinguished from their global
structures. An Euclidean BTZ black hole has a topol-
ogy of a torus and thus using an SL(2) transformation
one may compute the volume of a co-dimension one time
slice after a Wick rotation by which the variation of the
volume leads to δC = V1L4GρH , in agreement with black hole
result.
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